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We prove that if each of X and Y is a Souslin arc (a Hausdorff arc that is the compactiﬁ-
cation of a connected Souslin line), then every hereditarily indecomposable subcontinuum
of X × Y is metric.
© 2008 Elsevier B.V. All rights reserved.
Recently the author considered the existence of hereditary indecomposable continua that lie in the inverse limit of
Souslin arcs; he showed that such continua must be metric [14]. Earlier, in his investigation of hereditary indecomposable
continua [12] lying in products of arcs containing copies of the long-line, he learned that hereditarily indecomposable
subcontinua of the product of two of these speciﬁc arcs must be metric. A similar result follows from Smith and Stone [15];
it implies that if Z is the product of two lexicographic arcs then hereditarily indecomposable subcontinua of Z are metric.
Thus it appears that in certain non-metric spaces adding the condition of hereditary indecomposability on subcontinua of
the space yields metric continua. In general one would think that the condition of hereditary indecomposability would have
nothing to do with metrizability, but indeed it does as this result and recent results of the author show [13,14] (see also
[10,11] for large spaces which do not contain any non-degenerate hereditarily indecomposable continua). The author feels
that there is a general phenomenon that merits investigation.
The Souslin arc is particularly “close” to the metric arc in that it shares the ccc condition. The proofs of the theorems
in [12,13] and [15] relied heavily on the existence of an uncountable collection of disjoint open sets in the arcs under
consideration. So the logical place to look for a for a counter example would be in the product of Souslin arc. We remind
the reader of the importance of hereditary indecomposability in the metric case with a brief outline of classic results.
Bing showed [1] that higher dimensional metric continua must contain non-degenerate hereditarily indecomposable
continua. Furthermore he showed that in some sense most continua are pseudo-arcs (Theorem 2 of [2]). A pseudo-arc is
a particular hereditarily indecomposable continuum; it is deﬁned as a non-degenerate metric chainable hereditarily inde-
composable continuum. Speciﬁcally, for any Euclidean space Rn of dimension greater n > 1, the set of all pseudo-arcs in the
hyperspace C(X) is a dense Gδ . Nadler has a discussion of this in section 19 of Hyperspace of Sets [8] and in Chapter 1 of
Continuum Theory [9]; the classical result showing how the set of hereditarily indecomposable continua sits in the hyper-
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M. Smith / Topology and its Applications 156 (2009) 522–524 523space of subcontinua of a space is due to Mazurkiewicz [6]. This leads to the general problem: what is the analogue to this
theorem in the non-metric case.
Deﬁnitions: By a Souslin arc we mean a connected Souslin line that has been compactiﬁed by adding (if necessary)
leftmost and rightmost points.
By a Souslin disc is meant the product of two Souslin arcs.
The reader should consult [16] for a good presentation of the properties of Souslin lines. A Hausdorff arc has an order
relation < that induces the topology; we use the standard notation for intervals, etc. (i.e. for a,b ∈ X we have [a,b] = {x ∈
X | a x b} and (a,b) = {x ∈ X | a < x < b}).
We will need the following well-known theorem. The reader may wish to consult [5] or [7]; the proof of this theorem
in [7] generalizes easily to the non-metric case.
Theorem A. If X is a compact subset of a Hausdorff space, A and B are two closed subsets of X and no subcontinuum of X intersects
both A and B then X is the union of two disjoint closed sets one containing A and the other containing B.
We will also need the following; various forms of the theorem have appeared in the literature for the metric case.
A proof of the theorem in the non-metric case can be obtained by using the reasoning of Krasinkiewicz and Minc from the
proof of their Lemma 2 in [4] or from Hart, van Mill and Pol in [3].
Theorem B. Suppose that X is a continuum. Then X is hereditarily indecomposable if and only if for each pair of disjoint closed sets E
and F and pair of open sets U and V containing E and F respectively that X is the union of three closed sets A, B, and C : X = A∪ B∪C
so that:
F ⊂ A, E ⊂ C, A ∩ C = ∅,
A ∩ B ⊂ U − E and B ∩ C ⊂ V − F .
Theorem 1. Let X and Y be two Hausdorff arcs, Z = X × Y and suppose that there is a hereditarily indecomposable continuum M
lying in Z so that the projections π1(M) and π2(M) are onto. Then if X is a Souslin arc, Y is metric.
Proof. Let X and Y be as in the hypothesis with Y = [c,d], Z = X × Y and X a Souslin arc. Suppose that M ⊂ Z is
hereditarily indecomposable and that π2(M) = Y . Let s, t ∈ Y be chosen so that c < t < s < d.
Let H denote M ∩ (X × [s,d]). By the ccc condition on X , the components of (X × {s}) − H must be countable. Then
the set E of end points of these components is countable and dense in M ∩ (X × {s}). Let D denote the set to which
[p,q] ⊂ X × {s} belongs if and only if each of p and q is in E and p  q; then D is countable. In the case that p = q the
corresponding element of D is degenerate. For each K ∈ D let LK be the union of the components of H that intersect K .
Then LK is non-empty and closed. Let Q = {y | y = max(π2(LK )) for some K ∈ D}. Then Q is countable; we wish to show
that Q is dense in [s,d].
Suppose that (u, v) is an open set in Y with s < u < v < d. Then by Theorem B, M is the union of three (non-empty)
closed sets A, B,C so that:
M = A ∪ B ∪ C,
M ∩ (X × [v,d])⊂ A,
M ∩ (X × [c, t])⊂ C,
A ∩ C = ∅,
A ∩ B ⊂ (X × (t, s)),
B ∩ C ⊂ (X × (u, v)).
Note that every component of H is either a subset of A or of B ∪ C . Thus for each K ∈ D, if K ∩ M ⊂ A then LK ⊂ A
and if K ∩ M ⊂ B ∪ C then LK ⊂ B ∪ C . Let O be an open set in X × Y containing B ∩ (X × {s}) and no points of A ∪ C . Let
KB = {K ∈ D | K ∩ M ⊂ O }; then for each K ∈ KB we have LK ⊂ B ∪ C ; furthermore for such a K , since B ∪ C ⊂ X × [c, v]
we have max(LK ) < v . Note that for each point z ∈ B ∩ (X × {s}) there is an element of KB containing z and lying in O ;
thus
⋃KB  B ∩ (X × {s}).
By an application of Theorem A, we can ﬁnd a subcontinuum T of M lying in B that connects A ∩ B and B ∩ C . Let I be
a subcontinuum of T irreducible from B ∩ (X × {s}) to B ∩ C . Then since I intersects B ∩ (X × {s}), it interests some K ∈ D
and so is a subset of the component LK . Since I also intersect B∩C we have max(π2(LK )) > u. Hence max(π2(LK )) ∈ (u, v).
And thus the countable set Q is dense in [s,d].
Similarly, it can be shown that [c, s] is separable; thus it follows that Y is separable. Since a separable Hausdorff arc is
metric it follows that Y is metric. 
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Theorem 2. If X and Y are two Souslin arcs and M is a hereditarily indecomposable subcontinuum of X × Y then M is a metric
continuum.
Proof. Let X and Y be two Souslin arcs and M a hereditarily indecomposable subcontinuum of X × Y . As above, let the
projections onto the X and Y coordinate spaces be denoted by π1 and π2, respectively. Then by Theorem 1, π2(M) is
a metric arc. Since metric arcs satisfy the Souslin ccc condition, by reversing the roles of π1(M) and π2(M) we apply
Theorem 1 again: since π2(M) is Souslin then π1(M) is metric. Thus M lies in the metric subcontinuum π1(M) ×π2(M) of
X × Y and hence is metric. 
In fact, the proof shows that not only is the continuum M of the theorem metric, but it is homeomorphic to a planar
continuum.
Question: What about higher dimensions? We conjecture that if {Si}ni=1 is a ﬁnite sequence of Souslin arcs and
M ⊂∏ni=1 Si is a hereditarily indecomposable continuum then M is a metric continuum. We are less certain whether the
countable product of Souslin arcs
∏
i<ω0
Si could contain non-metric hereditarily indecomposable continua. The interesting
case for the product
∏
i<ω0
Si would be under the condition that no Si contain a non-degenerate metric arc.
In the situation under consideration where Z is the product of Souslin arcs X and Y , even though the coordinate spaces
X and Y satisfy ccc the product space Z may not (see [16]).
An observation from the referee: For a topological space X , let d(X) denote the density of X , the least cardinal of a dense
subset of X , and let c(X) denote the cellularity of X , the supremum of the cardinalities of families of pairwise disjoint open
sets in X . The proof establishes the equality of these cardinal functions in the case under consideration. If X and Y are
Hausdorff arcs and M is a hereditarily indecomposable subcontinuum of X × Y that projects onto X and Y then from the
proof we deduce that d(Y ) c(X) and d(X) c(Y ) and so c(X) = d(X) = d(Y ) = c(Y ).
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